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The response of building frames under impulsive ground excitations is complicated by the contributions from both glo-
bal and local (member level) dynamic responses of the system, as evidenced in previous numerical simulation studies and
laboratory tests. Therefore, a simpliﬁed analytical approach needs to accommodate both global and local dynamic
responses in the model, as opposed to the well established single-degree-of-freedom representation in typical seismic
response analyses. This paper proposes a simpliﬁed model incorporating a beam-column element with additional concen-
trated mass and springs at the member ends to facilitate the interaction between the global and local dynamic responses.
To take into account the shear deformation and rotary inertia, the model is formulated using Timoshenko beam theory. It
provides a general solution to this category of dynamic response analysis problems. With this model, the signiﬁcance of the
global and local dynamic responses for ground shocks with diﬀerent frequency characteristics is evaluated. It is shown that
with the decrease of the main pulse duration (or increase of the primary frequency), the dynamic response tends to be dom-
inated by the member vibration, while the shear eﬀect becomes increasingly signiﬁcant. General recommendations are also
given with regard to the determination of the concentrated mass and the spring constants in the analytical model and the
sensitivity of the computed responses to these parameters.
 2006 Elsevier Ltd. All rights reserved.
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Recent numerical studies and laboratory model tests have provided substantial information regarding the
response and damage characteristics of building structures (particularly RC frame structures) under impulsive
ground excitations (Lu et al., 2001, 2002a,b; Ma et al., 2002). It has been revealed that the structural response
to impulsive ground excitations generally involves local member vibration as well as the global mode response,
and consequently, some existing global response-based criteria (e.g. the inter-storey drift) for damage and0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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proper treatment of the problem in a detailed ﬁnite element analysis or scaled dynamic model test. However,
to enable the generalization of the ﬁndings and practical applications, a simpliﬁed analytical model for this
category of dynamic response is desired.
In light of the above mentioned response characteristics, a reduced dynamic model with a continuous
beam-column element incorporating concentric masses and springs at the member ends is envisaged. Given
an adequate amount of the concentrated mass and the spring constant, the participation of the global mode
and the possible interaction between the global and the local vibrations can be reasonably described. On the
other hand, the continuous beam-column element allows for the formulation of the model based on Timo-
shenko beam theory so that the important shear deformation and rotary inertia for high frequency vibrations
can be readily accounted for. With such a reduced dynamic system, the characteristic responses, including the
joint displacement, maximum member deﬂection, as well as the maximum shear and moment eﬀects, can be
computed analytically.
In this paper, the reduced dynamic system is introduced ﬁrst. The analytical solution is formulated on the
basis of the Timoshenko beam theory and by applying the general principles of normal mode analysis for con-
tinuous elements. The analytical model is then applied to investigate the characteristics of the primary
responses under ground shocks of varying frequencies. The trends of decreasing global mode contribution
and increasing local mode eﬀect in the response to the horizontal ground excitation with increase of the exci-
tation frequency, and the likely magnifying eﬀect of the joint vertical vibration on the beam response under a
vertical ground excitation, are discussed based on the analytical results. Besides, the increasing signiﬁcance of
the shear eﬀect with increase of the excitation frequency is also highlighted.
The scope of this paper is limited to the elastic dynamic response analysis. For a rapid estimation of the
magnitude of the inelastic deformation response, an approximate conversion based on the equal energy con-
sideration may be considered.
2. Model formulation
2.1. General model description
An important characteristic of the frame response to an impulsive ground excitation is the member vibra-
tion response as a result of the high frequency contents in the excitation. Based on previous studies (e.g. Wu
et al., 2004), it has been found that in the nearby regions to an intensive explosion source, the primary frequen-
cies of the ground motions are typically in the range of 50–200 Hz, while the duration of the main excitation is
only a few to less than 100 ms. Mining and heavy construction-borne ground motions can exhibit frequencies
in the range of 30–60 Hz (Dowding, 1996). The above types of ground motions may be generally classiﬁed as
impulsive ground excitations, and their frequency contents are usually one or two orders of magnitude higher
than the lower global vibration modes of a structural system, but approach the natural frequencies of the
member vibration modes. Consequently, the local mode contribution turns out to play an important role
in the response and damage of the structures.
Fig. 1 depicts the damage patterns of two RC frames subjected to an impulsive ground excitation from a
numerical simulation using a ﬁnite element model. The two frames have diﬀerent system conﬁgurations but
identical member details. Similar damage patterns have also been observed from laboratory tests of model
frames under simulated impulsive ground excitations (Lu et al., 2002a). It can be observed from such damage
patterns that: (1) the local member level vibration response is signiﬁcant; both column and beam members
appear to be stressed in a way similar to a member with ﬁxed-ﬁxed ends; and (2) the two diﬀerent frames exhi-
bit almost an identical degree and pattern of damage in individual beam-column members, indicating that the
governing response is less aﬀected by the overall system conﬁguration.
The above observations rationalize an idea to employ a beam-column based simpliﬁed analytical model for
the analysis of the characteristic responses of a frame under an impulsive ground excitation. Such a reduced
dynamic system is contrary to the conventional single-degree-of-freedom (SDOF) representation of a structure
where the SDOF system has the dynamic property representing the predominant global mode of the structure.
Considering the fact that the global system can still be excited to a certain degree under an impulsive excitation
Fig. 1. Typical damage patterns showing the member vibration eﬀect and a lesser dependence of damage distribution on the system
conﬁguration.
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the global vibration should also be incorporated while the elemental vibration is emphasized. Thus, two
reduced systems emerge as shown in Fig. 2 and they are deemed suﬃcient to describe the critical response
in a beam-column frame.
The generic column-mass-spring system (Fig. 2a) is devised to represent the critical column response to the
horizontal component of an impulsive ground excitation. Through adjusting the amount of the concentrated
mass at the column top and the spring constant, certain global mode contribution to the column response can
be readily reﬂected. For example, if the global fundamental mode contribution is to be included, the mass may
be assigned such that the sway mode of the column-mass system would have a similar frequency as the tar-
geted global mode of the frame. It is noted that as the lateral displacement response is generally small under
an impulsive ground excitation, the geometric (P-delta) eﬀect is ignored in the analysis of the column response
to an impulsive horizontal excitation.
The generic beam-mass-spring system (Fig. 2b) is considered to represent the dynamic response of the beam
(ﬂoor) system in a frame under an impulsive vertical ground excitation. The two vertical end-springs represent
the axial stiﬀness of the columns that transmit the vertical ground excitation to the beam ends, while the two(a) (b) 
Equivalent 
mass/spring  for
global horizontal 
mode participation 
M
Actual  
column
ρ, EI, L
M
Actual beam
ρ, EI, L
Equivalent mass/spring 
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M
Fig. 2. Conceptual representation of characteristic frame response using simpliﬁed column and beam analogies. (a) Column-mass-spring
model (horizontal loading). (b) Beam-mass-spring model (vertical loading).
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vibration along the column axis in the actual frame can be resembled. A more precise determination of the
lumped mass may require a preliminary estimation on the actual frame system to identify the signiﬁcant ver-
tical mode along the axis of the column line to be represented in the simpliﬁed analysis. For simplicity, the
amount of the lumped mass at each beam end may be taken as equal to the sum of the masses of the half col-
umns above and below the beam end. Besides the analysis of the beam response, the vertical forces in the
springs provide an indication of the axial forces in the columns.
It is noted that the rotational spring at each end of the beam shown in Fig. 2b simulates the rotational con-
straints from other members framing into the same joint. For simplicity in the later derivation of the solutions,
herein an inﬁnitive rotational spring stiﬀness is assumed. This may also be regarded as representing the end
conditions of an interior span beam when the adjacent span beams are more or less in the same vertical
vibration.
As the member vibration plays a signiﬁcant role in the response to an impulsive ground excitation, the shear
deformation and the rotary inertia of the beam-column elements becomes important in the dynamic response.
For this reason, the Timoshenko beam theory is employed in the formulation of the above beam-column
based models.
2.2. Overview of Timoshenko beam theory
In a Timoshenko beam, the slope of the deﬂection curve depends on both the rotation of cross-sections of
the beam and the shear deformation (Weaver et al., 1990). Let w denote the slope of the deﬂection curve when
the shear force is neglected and h the angle of shear at the neutral axis in the same cross-section, we have:dv
dx
¼ wþ h: ð1ÞReferring to Fig. 3, the governing diﬀerential equations of a Timoshenko beam for free vibration areEIw00 þ ksAGðv0  wÞ  qI €w ¼ 0 ð2Þ
ksAGðv00  w0Þ  qA€v ¼ 0 ð3Þwhere primes and dots denote diﬀerentiation with respect to position x and time t, respectively, q is the mass
density of the material, E the Young’s modulus, G the shear modulus, I the cross-sectional inertia, A the cross-
sectional area, and ks is the shear deformation coeﬃcient.
For a natural mode of vibration of circular frequency x, the harmonic motion of v and w can be written
asvðx; tÞ ¼ Y ðxÞeixt; wðx; tÞ ¼ WðxÞeixt ð4Þ
where Y(x) and W(x) are the amplitudes of harmonically varying transverse displacement and bending rota-
tion, respectively. Substitution of these equations into Eqs. (2) and (3) givesEIW00 þ ksAGðY 0 WÞ þ qIx2W ¼ 0 ð5Þ
ksAGðY 00 W0Þ þ qAx2Y ¼ 0: ð6Þdx
x
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Fig. 3. Dynamic equilibrium and sign convention for positive shear force (S) and bending moment (M).
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1995):n ¼ x
L
; b2 ¼ qAL
4
EI
x2; r2 ¼ I
AL2
; s2 ¼ EI
ksAGL
2
; M ¼ M
qAL
ð6aÞwhere n is the non-dimensional length along the beam, r is the rotary inertia coeﬃcient, s is shear deformation
coeﬃcient, M denotes the ratio of the concentrated mass to the beam mass, which will be used later.
Eqs. (5) and (6) can be combined into one equation. Rearranging and eliminating all but one of the two
variables Y and W (Banerjee and Williams, 1996; Banerjee, 2001) leads toðD4 þ aD2  bÞW ¼ 0 ð7Þ
where W = Y or W,D ¼ d
dn
; n ¼ x
L
ð8Þanda ¼ b2ðr2 þ s2Þ; b ¼ b2ð1 b2r2s2Þ: ð9Þ
There are three possible solutions to Eq. (7), corresponding respectively to (a) b2r2s2 < 1, (b) b2r2s2 = 1, and (c)
b2r2s2 > 1. For practical beam-column members in a building structure, it can be veriﬁed that generally
b2r2s2 < 1. Therefore, only the solution for b2r2s2 < 1 is considered and it can be written asW ðnÞ ¼ C1 cosh anþ C2 sinh anþ C3 cos bnþ C4 sin bn ð10Þ
where C1  C4 are constants anda ¼ ð1=
ﬃﬃﬃ
2
p
Þ aþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2 þ 4b
pn o1=2
¼ ðb=
ﬃﬃﬃ
2
p
Þfðr2 þ s2Þ þ ½ðr2  s2Þ2 þ 4=b21=2g1=2
b ¼ ð1=
ﬃﬃﬃ
2
p
Þ aþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2 þ 4b
pn o1=2
¼ ðb=
ﬃﬃﬃ
2
p
Þfðr2 þ s2Þ þ ½ðr2  s2Þ2 þ 4=b21=2g1=2:
ð11ÞThus,Y ðnÞ ¼ A1 cosh anþ A2 sinh anþ A3 cos bnþ A4 sin bn ð12Þ
WðnÞ ¼ B1sinhanþ B2 cosh anþ B3 sin bnþ B4 cos bn: ð13ÞSubstitution of Eqs. (12) and (13) into Eq. (6) leads toB1 ¼ ða=LÞA1; B2 ¼ ða=LÞA2; B3 ¼ ðb=LÞA3; B4 ¼ ðb=LÞA4 ð14Þ
wherea ¼ ða2 þ b2s2Þ=a; b ¼ ðb2  b2s2Þ=b: ð15Þ
The constants A1 to A4 can be determined by means of the boundary conditions. Following the sign conven-
tion shown in Fig. 3, the expressions for the bending moment M(n), shear force S(n) can be written asMðnÞ ¼ EIW0ðnÞ ð16Þ
SðnÞ ¼ ksGAðY 0ðnÞ WðnÞÞ: ð17Þ2.3. Solution for the column-mass system
2.3.1. Natural frequencies
The boundary conditions for the column-mass system shown in Fig. 2a can be written as follows:At n ¼ 0; Y ðnÞ ¼ 0 and wðnÞ ¼ 0 ð18Þ
At n ¼ 1; Y 0ðnÞ Mb2s2Y ðnÞ ¼ 0 and wðnÞ ¼ 0: ð19Þ
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aA2 þ bA4 ¼ 0 ð21Þ
R1A1 þ R2A2 þ R3A3 þ R4A4 ¼ 0 ð22Þ
R01A1 þ R02A2 þ R03A3  R04A4 ¼ 0 ð23ÞwhereR1 ¼ a sinh aMb2s2 cosh a; R2 ¼ a cosh aMb2s2 sinh a
R3 ¼ b sin bMb2s2 cos b; R4 ¼ b cos bMb2s2 sin b
ð24Þ
R01 ¼ a sinh a ¼
a2 þ b2s2
a
sinh a; R02 ¼ a cosh a ¼
a2 þ b2s2
a
cosh a
R03 ¼ b sin b ¼ 
b2  b2s2
b
sin b; R04 ¼ b cos b ¼ 
b2  b2s2
b
cos b:
ð25ÞEqs. (20)–(23) can be written in a matrix form as:1 0 1 0
0 a 0 b
R1 R2 R3 R4
R01 R
0
2 R
0
3 R04
2
6664
3
7775
A1
A2
A3
A4
2
6664
3
7775 ¼ 0 ð26ÞorCA ¼ 0: ð27Þ
Thus, the frequency equation is given bydet C ¼ 0 ð28Þ
which, after some manipulation, leads to the following frequency equationf ðxÞ ¼ aðR1R04  R3R04 þ R4R01  R4R03Þ þ bðR1R02  R2R01 þ R2R03  R3R02Þ ¼ 0: ð29Þ
This equation can be used to locate the natural frequencies of the system by successively tracking the change of
the sign of f(x) (Banerjee, 2001).
2.3.2. Mode shapes
With the determination of the natural frequency xi from Eq. (29), the modal vector A of Eq. (26) can be
found in a standard way. Choosing A1 as the reference,0 1 0
a 0 b
R2 R3 R4
2
664
3
775
A2
A3
A4
2
664
3
775 ¼ 
1
0
R1
2
664
3
775A1: ð30ÞSolving the above system of equations, the mode shapes for the bending displacement Y(n) and the bending
rotation W(n) can be obtained according to Eqs. (12) and (13) as:Y ðnÞ ¼ A1 cosh an ðR1  R3ÞðR2  RR4Þ sinh an cos bnþ
RðR1  R3Þ
ðR2  RR4Þ sin bn
 
ð31Þ
WðnÞ ¼ A1
L
a sinh an a ðR1  R3ÞðR2  RR4Þ cosh anþ
b sin bnþ bRðR1  R3ÞðR2  RR4Þ cos bn
 
ð32Þwhere R ¼ ða2þb2s2Þa bðb2b2s2Þ.
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The normal-mode method is employed to analyze the dynamic response of the system. The transverse and
rotary motion of the column member in terms of time functions /i and displacement functions Yi(n) and Wi(n)
may be expressed as follows:vðx; tÞ ¼
X
i
/iY i; wðx; tÞ ¼
X
i
/iWi ði ¼ 1; 2; 3; . . .Þ ð33ÞThe eﬀects of damping should be included in the calculation of the transient response if the time of interest is
relatively long in comparison with the natural periods of the system. For the present study of structural re-
sponse to an impulsive ground shock, although the duration of the excitation is generally short from a global
system view point, it is not short with respect to the natural periods of the beam-column vibration modes.
Therefore, for generality damping is introduced in the formulation. Assume classical damping and let ci be
the modal damping ratio, we obtain the following uncoupled modal equation:€/i þ 2ni _/i þ x2i/i ¼ qiðtÞ ði ¼ 1; 2; 3; . . .Þ ð34Þ
where 2ni is the modal damping constant, and qiðtÞ ¼ Qi ðtÞ=Mi , with Qi being the generalized excitation force,Qi ðtÞ ¼ 
Z L
0
mY iðxÞ dxþMY iðLÞ
 
gðtÞ ð35Þin which g(t) is the acceleration time history of the ground motion. The total generalized mass of ith normal
mode for the structural system may be written asMi ¼ MGi þMIi ð36Þ
where MGi and M

Ii are the generalized mass of ith normal mode pertaining to shear and bending deformation,
respectively, asMGi ¼
Z L
0
qAY 2i ðxÞ dxþMY 2i ðLÞ ¼ qAL
Z 1
0
Y 2i ðnÞ dnþMY 2i ð37Þ
MIi ¼
Z L
0
qIW2i ðxÞ dx ¼ qIL
Z 1
0
W2i ðnÞ dn ð38ÞThe corresponding generalized rigidity of ith normal mode for shear eﬀect KGi and bending eﬀect K

Ii may be
written, respectively, asKGi ¼ ksGAL
Z 1
0
ðY 00i W0iÞY i dnþ ksGAY 0ið1ÞY ið1Þ ð39Þ
KIi ¼ EIL
Z 1
0
W00W dn ksGAL
Z 1
0
ðY 0 WÞW dn: ð40ÞThe response of the ith mode can then be determined from Eq. (34) in the same manner as that for a SDOF
system with viscous damping, i.e.,/i ¼
enit
xdi
Z t
0
enisqiðsÞ sinxdiðt  sÞ ds ð41Þ
_/i ¼ enit
Z t
0
enisqiðsÞ cosxdis ds
 
cosxdi t þ
Z t
0
enisqiðsÞ sinxdis ds
 
sinxdi t
 
 ni/i ð42Þ
€/i ¼ qiðtÞ  ½ðn2i þ x2diÞ/i þ 2ni _/i: ð43ÞThe circular frequency of the damped vibration isxdi ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2i  n2i
q
¼ xi
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2i
q
ð44Þwhere xi represents the ith circular frequency of the undamped system.
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be obtained as/i ¼ enit /0i cosxdi t þ
_/0i þ ni/0i
xdi
sinxdi t
 !
ð45Þ
_/i ¼ enit _/0i cosxdi t 
ni _/0i þ ðn2i þ x2diÞ/0i
xdi
sinxdi t
 !
ð46Þ
€/i ¼ enit ½2ni _/0i þ ðn2i þ x2diÞ/0i cosxdi t 
ðn2i  x2diÞ _/0i þ ðn3i þ nix2diÞ/0i
xdi
sinxdi t
( )
ð47Þwhere /0i and _/0i are, respectively, the initial displacements and velocity in ith mode normal coordinates.
2.4. Solution for the beam-mass-spring system
2.4.1. Natural frequencies
For the beam-mass-spring system shown in Fig. 2b, the boundary conditions are:At x ¼ 0; wð0; tÞ ¼ 0 and M1€vð0; tÞ  K1vð0; tÞ þ ksGA ovð0; tÞox ¼ 0 ð48Þ
At x ¼ L; wðL; tÞ ¼ 0 and M2€vðL; tÞ  K2vðL; tÞ  ksGA ovðL; tÞox ¼ 0 ð49Þwhere M1 and M2 are, respectively, the concentrated mass attached to the beam ends, K1 and K2 are the end-
spring constants. By using the non-dimensional variables of Eq. (6a), the boundary conditions may be rewrit-
ten as:At n ¼ 0; WðnÞ ¼ 0 and Y 0ðnÞ  ðK1 M1b2s2ÞY ðnÞ ¼ Y 0ðnÞ  KM1Y ðnÞ ¼ 0 ð50Þ
At n ¼ 1; WðnÞ ¼ 0 and Y 0ðnÞ þ ðK2 M2b2s2ÞY ðnÞ ¼ Y 0ðnÞ þ KM2Y ðnÞ ¼ 0 ð51ÞwhereK1 ¼ K1LksGA ; K2 ¼
K2L
ksGA
; M1 ¼ M1qAL ; M2 ¼
M2
qAL
; ð52Þ
KM 1 ¼ K1 M1b2s2; KM2 ¼ K2 M2b2s2: ð53Þ
Substituting Eqs. (12) and (13) into Eqs. (50) and (51) gives KM1A1 þ aA2  KM 1A3 þ bA4 ¼ 0 ð54Þ
aA2 þ bA4 ¼ 0 ð55Þ
R1A1 þ R2A2 þ R3A3 þ R4A4 ¼ 0 ð56Þ
R01A1 þ R02A2 þ R03A3  R04A4 ¼ 0 ð57ÞwhereR1 ¼ a sinh aþ KM2b2s2 cosh a; R2 ¼ a cosh aþ KM2b2s2 sinh a
R3 ¼ b sin bþ KM 2b2s2 cos b; R4 ¼ b cos bþ KM2b2s2 sin b
ð58Þ
R01 ¼ a sinh a ¼
a2 þ b2s2
a
sinh a; R02 ¼ a cosh a ¼
a2 þ b2s2
a
cosh a;
R03 ¼ b sin b ¼ 
b2  b2s2
b
sin b; R04 ¼ b cos b ¼ 
b2  b2s2
b
cos b:
ð59Þ
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0 a 0 b
R1 R2 R3 R4
R01 R
0
2 R
0
3 R04
2
6664
3
7775
A1
A2
A3
A4
2
6664
3
7775 ¼ 0 ð60ÞorCA ¼ 0: ð61Þ
Setting detC = 0 leads to the following frequency equation:f ðxÞ ¼ a KM 1ðR1R04 þ R01R4  R3R04  R03R4Þ þ bðR1R03  R01R3Þ
 
 b KM1ðR1R02  R01R2 þ R2R03  R02R3Þ þ aðR1R03  R01R3Þ
 
¼ 0: ð62Þ2.4.2. Mode shapes
For a natural frequency xi determined from Eq. (62), the modal vector A can be obtained from the follow-
ing reduced order form of Eq. (60):a KM1 b
a 0 b
R2 R3 R4
2
664
3
775
A2
A3
A4
2
664
3
775 ¼ 
KM1
0
R1
2
664
3
775A1: ð63ÞSolving the above system of equations yieldsA2 ¼ 1
det
KM1bðR1  R3ÞA1
A3 ¼ 1
det
R1ðab abÞ  KM1ðbR2  aR4Þ
 
A1
A4 ¼ 1
det
KM1aðR1  R3ÞA1
ð64Þwhere det ¼ R3ðab abÞ  KM 1ðbR2  aR4Þ. Note that a; b; a and b are already deﬁned in Eqs. (11) and (15),
respectively, but they must be evaluated for diﬀerent natural frequency xi for each individual mode shape. The
mode shapes are then obtained as expressed in Eqs. (12) and (13).
2.4.3. Time history response analysis
The normal-mode method is also applied to the time history response analysis of the beam under a vertical
ground excitation. The formulation remains the same as in the column case with only modiﬁcations to the
expressions for the generalized mass and rigidity for shear deformation and the generalized force, as:MGi ¼
Z L
0
qAY 2i ðxÞ dxþM1Y 2i ð0Þ þM2Y 2i ðLÞ ¼ qAL
Z 1
0
Y 2i ðnÞ dnþM1Y 2i ð0Þ þM2Y 2i ð1Þ ð65Þ
KGi ¼ ksAGL
Z 1
0
ðY 0i W0iÞY i dn ksAG½Y 0ið0ÞY ið0Þ  Y 0ið1ÞY ið1Þ þ K1Y 2i ð0Þ þ K2Y 2i ð1Þ ð66Þ
Qi ðtÞ ¼  qAL
Z 1
0
Y iðnÞ dnþM1Y ið0Þ þM2Y ið1Þ
 
gðtÞ: ð67Þ
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3.1. Model conﬁguration and dynamic properties
For a single-storey frame, the concentrated mass M in the column-mass model may be taken as the actual
reactive mass of the ﬂoor area that may be associated with a single column. For a multi-storey swaying frame
under horizontal excitation, the mass M may be allocated such that the sway-mode frequency in the column-
mass system represents a global mode frequency of the frame to be considered.
As an illustrative example, a column-mass system is shown in Fig. 4a, in which the column member is a
reinforced concrete column having a cross-sectional area of 250 · 300 mm and length of 3.6 m. The mass den-
sity of reinforced concrete is assumed to be 2400 kg/m3. The mass M is assigned equal to 3000 kg. The system
is computed to have the fundamental sway-mode frequency fs = 5.4 Hz, which is comparable to the funda-
mental frequency of a single-storey frame with similar column properties. The ﬁrst three local (column) mode
frequencies are fc1 = 76.4 Hz, fc2 = 198.2 Hz and fc3 = 364.9 Hz, respectively. Fig. 4b shows the corresponding
mode shapes. For the dynamic response analysis, a uniform damping ratio of 5% is assumed for all modes in
the calculations.
3.2. Response to generalized ground shocks and modal contributions
A one-cycle sine pulse, designated as Sine-1, is ﬁrst considered for an assessment of the general response
characteristics. The characteristic frequency for the sine pulse is taken to be 1/DT with DT being the duration
of a full cycle. In each analysis, the input motion is varied by scaling the time axis to achieve the desired char-
acteristic frequencies. The acceleration is simultaneously scaled by the inverse of the time scale factor so that
the peak ground velocity (PGV) remains constant (equal to 0.2 m/s herein) in all the analyses.
The following key response parameters are examined: (1) top displacement; (2) relative deﬂection at the
mid-height of the column, calculated as the mid-height displacement minus half of the top displacement;
(3) top and mid-height accelerations; (4) maximum shear force; and (5) maximum bending moment. Fig. 5
shows the response time histories for Sine-1 pulse with characteristic frequencies equal to 25 and 100 Hz,
respectively.300mm
Cross section
y
0
x
m=180kg/m
D25mm L=3.6m
25
0m
m
M=3000kg
0.0
0.2
0.4
0.6
0.8
1.0
-1.0 -0.5 0.0 0.5 1.0
5.37Hz
76.4Hz
198.2Hz
364.9Hz
(a) (b)
Fig. 4. An example column-mass model and its vibration modes: (a) system properties, (b) vibration modes.
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Fig. 5. Computed column-system response for Sine-1 pulse with principal frequencies of (a) 25 Hz and (b) 100 Hz, respectively
(PGV = 0.2 m/s).
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the global and local mode frequencies, all response quantities remain to be dominated by the global swaying
mode response related closely to the displacement of the concentrated mass. However, when the excitation
frequency is increased to the order of the column mode frequencies, i.e., 100 Hz herein, all response param-
eters except the top displacement exhibit overwhelming high-frequency components. The top displacement
decreases, while the column mid-height deﬂection and acceleration increase drastically. The maximum shear
and moment eﬀects apparently become more closely associated with the column vibration than with the global
top displacement.
Fig. 6 shows the typical response proﬁles at the time when the maximum column shear force occurs. For the
25-Hz pulse, the proﬁles show typical swaying type response patterns. On the contrary, those under the 100-
Hz pulse exhibit clearly the column mode dominated acceleration response and force eﬀects.
To more clearly demonstrate the changing role of the global and local vibration modes in the responses,
Fig. 7 depicts the modal contributions to the displacement, shear force and bending moment for the Sine-1
pulse at 25 and 100 Hz, respectively. It can be observed that, while the global sway mode (ﬁrst mode of the
system) still dominates the response to the 25 Hz excitation, the response to 100 Hz pulse is overwhelmed
by the column vibration, especially the ﬁrst column vibration mode (second mode of the system).
Fig. 8 shows the variation of the peak responses with the pulse frequency. For a comparison, the peak
responses calculated using the single-degree-of-freedom simpliﬁcation (SDOF, ignoring the distributed mass
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Fig. 6. Response proﬁles at the time of maximum column shear force response. (a) Sine-1, 25-Hz excitation (at t = 0.1147 s). (b) Sine-1,
100-Hz excitation (at t = 0.0181 s).
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mass) are also shown. It can be clearly observed that for a pulse frequency up to 30 Hz (about 35% of the ﬁrst
column mode frequency), the response is primarily of a global nature and it can be predicted reasonably using
the SDOF system. For a pulse frequency close to and above the ﬁrst column mode frequency, the global mode
contribution becomes negligible and using the column with a ﬁxed top can reasonably depict the force eﬀects
in the column. For a pulse frequency in-between the above two frequency regimes, both global and local
modes should be considered.
3.3. Signiﬁcance of shear deformation
In order to observe the signiﬁcance of the shear deformation on the system response, the maximum
shear strain at the neural axis (shear angle h in Eq. 1) is retrieved from the analysis to compare with
the maximum ﬂexural strain (equal to the maximum curvature multiplied by half of the cross-section
depth). The results show that the ratio between the shear strain and the ﬂexural strain generally increases
as the frequency of the ground shock increases, and the ratio is 0.07, 0.14 and 0.21 for ground shock
frequency of 25, 100 and 200 Hz, respectively. This conﬁrms that when higher modes of the column mem-
ber are involved in the response to impulsive ground excitations, the relative importance of the shear
deformation increases, and hence, the potential for shear-induced brittle failure for concrete members
increases.
3.4. Response to a typical blast-induced ground excitation
The column-mass model is subjected to a typical impulsive ground excitation due to an underground explo-
sion. Fig. 9 plots the ground acceleration and velocity time histories, as well as the frequency contents of the
accelerogram. It can be seen that the primary frequency of the horizontal component is around 100 Hz, while
that of the vertical component in this case exhibits a broader band.
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column-mass system subjected to the horizontal excitation. As expected from the frequency of the excitation,
the responses involve overwhelming contribution from the local modes. The maximum force eﬀects occur
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Fig. 10. Response time histories of column-system under impulsive horizontal ground excitation of Fig. 9a.
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Fig. 9. A typical impulsive ground excitation due to underground blast: (a) horizontal component, (b) vertical component.
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global top displacement.
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4.1. Model conﬁguration and dynamic properties
An example beam-mass-spring system is shown in Fig. 11a. The beam has a T-cross-section as shown, and a
net length of 4.0 m. The concentrated mass is 650 kg, and spring stiﬀness is 5.42 · 108 N/m, which represents
the axial stiﬀness of a column similar to the one described in the previous section. Fig. 11b illustrates the ﬁrst 4
mode shapes and their corresponding frequencies. Except the ﬁrst mode, all other modes exhibit signiﬁcant
vertical displacement at the beam ends connecting to the spring supports, indicating a likely strong interaction
between the vertical vibration of the end joints and the beam vibration when the vertical excitation frequency
becomes closer to these modal frequencies (order of 100 Hz in this example case).
4.2. Response to generalized ground shocks
The system is ﬁrst subjected to vertical ground excitations of the Sine-1 pulse following a similar scheme as
mentioned in Section 3.2. Fig. 12 illustrates some typical response histories when the pulse frequency is 25 and
100 Hz, respectively. As can be seen, the response to the 25-Hz pulse is primarily attributable to the beam ﬁrst
bending mode which has a frequency of 32.5 Hz. For the 100-Hz pulse, contributions from higher modes
become signiﬁcant.
Fig. 13 shows some representative response proﬁles under the 25- and 100-Hz pulse, respectively. The dom-
inance of the ﬁrst mode in the response to 25-Hz pulse is clearly seen, while higher-mode contributions are
evident in the response to the 100-Hz pulse excitation. Particularly noteworthy is the participation of them=1080kg/m
0.25m
D=25mm
K1=5.42e8 N/m
D=10mm
0
M1=650kg
5b=1.25m
L=4.0m
y
K2=5.42e8 N/m
0.20m
M2=650kg
0.10m
x
(a)
-1
0
1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 32.45Hz
72.71Hz
103.0Hz
138.3Hz(b)
Fig. 11. An example beam-mass-spring system and its vibration modes: (a) system properties, (b) vibration modes.
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Fig. 12. Computed beam-system response for Sine-1 pulse (PGV = 0.2 m/s). (a) Sine-1, 25 Hz. (b) Sine-1, 100 Hz.
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near the beam ends notably increases.
To further illustrate the signiﬁcance of the interaction between the end-joint vibration and the beam body
vibration in the dynamic response of the system, a benchmark case is analyzed assuming an inﬁnitive spring
stiﬀness at the beam ends, which is equivalent to imposing the vertical ground excitation directly at the beam
ends. It is found that the maximum responses decrease markedly as compared to the results with the spring
supports. For the 100-Hz pulse, the deﬂection at the beam mid-span decreases by 13%, the maximum shear
force decreases by 42%, and maximum bending moment decreases slightly. For the 25-Hz pulse, all these
responses decrease by about 10%. This observation highlights the importance of incorporating the joint (beam
end) vertical vibration in the analysis of the beam response in a frame structure subjected to a vertical impul-
sive ground excitation.
4.3. Response to a typical blast-induced ground excitation
Fig. 14 plots the response of the system subjected to a typical vertical ground excitation shown in Fig. 9b.
As can be seen, the response features are similar to that under the 100-Hz Sine-1 pulse with however more
complex higher-mode eﬀects because of the broad band character of the particular excitation.
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Fig. 13. Response proﬁles at time of maximum beam shear force response. (a) Sine-1, 25-Hz excitation (t = 0.0346 s). (b) Sine-1, 100-Hz
excitation (t = 0.0197 s).
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inelastic deformation
The key parameters that need be decided in order to apply the proposed model for the characteristic
response analysis of a multi-storey frame are the concentrated mass M and the spring constant. For the hor-
izontal response analysis using the column-mass model, since the sway stiﬀness is pre-determined by the col-
umn member which resembles the properties of the actual column, the amount of M is governed by a
particular global mode to be represented in the reduced system. The lower bound of the relevant global modes
to be considered is obviously the fundamental mode of the frame system, giving the largest M, whereas the
upper-bound global mode may be deﬁned as corresponding to displacing the ﬁrst ﬂoor with the second ﬂoor
and the ground levels ﬁxed, giving the smallest M. For typical impulsive ground excitations, the upper-bound
global mode scenario may be considered in determining M.
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typical impulsive ground excitations. Fig. 15 illustrates the variation of the maximum responses with mass M
(indicated by the ratio of M to the column mass) for the Sine-1 pulse with the pulse duration equal to 0.04 s
(primary frequency 25 Hz), 0.01 s (100 Hz) and 0.005 s (200 Hz), respectively. It can be seen that the diﬀerence
of the maximum responses are generally within ±10% for M varying from 1 to 20 times of the column mass.
Therefore, the selection of the mass M is not crucial in the reduced column-mass system for impulsive ground
excitations.
For the response of the beam-ﬂoor systems represented by the reduced beam-mass-spring system, the sit-
uation is more complicated due to the likely strong interaction between the joint vibration and the beam vibra-
tion, as can be seen from the modes shown in Fig. 11b. Both the vertical spring stiﬀness and the concentrated
mass may be adjusted to moderate the vertical vibration at the joints so that the excitation transmitted to the
beam is reasonably resembled. If the mass is ﬁxed in a straightforward manner as equal to the sum of masses
of the half columns above and below the joint and of the joint region, the spring stiﬀness may be modiﬁed
from a reference value that represents the axial stiﬀness of a single column connecting to the beam. Fig. 16
shows the variation of the maximum responses with the spring stiﬀness assuming a ﬁxed amount of concen-
trated mass as mentioned above. It can be seen that for a high-frequency pulse (100 Hz herein), the response is
appreciably sensitive to the spring stiﬀness. Therefore, for a more accurate prediction of the response, it may
be necessary to carry out some preliminary analyses on the dynamics of the types of frames under consider-
ation regarding their vertical vibration at the joints for the determination of the concentrated mass and/or
spring stiﬀness in the beam-mass-spring model.
The analytical solution given in this paper is applicable for the linear elastic response calculations. When
inelastic response is involved, a numerical procedure incorporating the Timoshenko element and non-linear
mechanisms for inelastic bending and shear behaviour will be inevitable. However, a quick estimation of
the maximum inelastic deformation may be made on the basis of the elastic solution using the equal energy
simpliﬁcation, which is often used in the earthquake response analysis for short-period systems. The basic
assumption in the equal energy approach is that the strain energy of the elastic system is equal to the strain
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Fig. 16. Sensitivity of analysis results to diﬀerent spring stiﬀness in the beam-mass-spring system: (a) with 25-Hz Sine-1 pulse, (b) with 100-
Hz Sine-1 pulse.
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inelastic displacement can be expressed in terms of the elastic response and the ratio of the elastic force to the
yield strength of the system. The estimated inelastic displacement may be used to compare with the corre-
sponding limit values for an assessment of the damage potential. The limit values can be analyzed using an
appropriate analysis method for reinforced concrete members.
6. Conclusions
This paper presents an analytical model for the calculation of the characteristic responses in a beam-column
frame subjected to impulsive ground excitations. The model includes a reduced column-mass system and a
beam-mass-spring system for horizontal and vertical excitations, respectively. In both systems, the member
vibration and the global-mode (represented by vibrations at the joints) response are incorporated. To take into
account the shear deformation and rotary inertia, which become important when high frequency member
vibrations are involved, the model is formulated based on the Timoshenko beam theory. The analytical solu-
tions are derived using the normal mode method.
Application examples show that the analysis using the reduced column- and beam-based systems eﬀectively
resemble the actual response features of typical frames under impulsive ground excitations. The transition
from the global vibration-dominated response to local element response with increase of the ground shock
frequency (or decrease of the main pulse duration) is clearly demonstrated with the proposed model and it
agrees well with previous observations from numerical simulation and experimental studies (Lu et al.,
2002a,b). The shear deformation is observed to become increasingly more signiﬁcant when the frequency of
the ground shock increases.
The proposed model can also be applied in other dynamic loading situations where both global and local
mode contributions may become signiﬁcant. The solutions provided in this paper are limited to the elastic
response analysis. A quick estimation of the inelastic deformations may be obtained by an approximate con-
version from the elastic responses using for example the equal energy approach. For a detailed inelastic
response analysis, a full nonlinear procedure involving nonlinear ﬂexure and nonlinear shear (diagonal shear
and direct sliding shear) will be required, and this will be discussed in a separate paper.
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